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On the equivalence between local and global existence of
complete Ka¨hler metrics with plurisubharmonic potentials
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Abstract
Like the classical potential theory, it was conjectured that there exists equiv-
alence between locally and globally pluripolar and complete pluripolar sets,
namely, Problem I of Lelong, and was solved by Josefson, Bedford - Taylor
and Colt¸oiu. In this article, we consider complements of complete Ka¨hler do-
mains as the generalization of closed complete pluripolar sets and prove that
there exists an equivalence between locally and globally existence of these sets.
1 Introduction
Holomorphic convexity / Steinness is an important topic in SCV and around it various
theories have been developed. For example, E. E. Levi tried to find equivalent conditions
of being domains of holomorphy via the description of their boundaries, i.e., Levi pseu-
doconvexity. This is the well-known Levi problem, which was solved in the affirmative
first by K. Oka in 1940s. Following from that, many powerful and influential results were
obtained in this direction.
Another way to describe Stein manifolds is to use complete Ka¨hler metrics, which was
first considered by H. Grauert [9].
A complete Ka¨hler manifold (M,ds2) is a complex manifold M together with a com-
plete Ka¨hler metric ds2. It is known that every Stein manifold carries a complete Ka¨hler met-
ric, i.e., it is a complete Ka¨hler domain. A natural question is whether or not the converse
holds, i.e., if M is non-compact and complete Ka¨hler, is M necessarily Stein?
It was observed by Grauert that the answer is negative. Instead, for any closed analytic
subvariety A of a Stein manifold M , he constructed a complete Ka¨hler metric on M \ A
(Satz A in [9]). In other words, in order to guarantee holomorphic convexity, besides
existence of complete Ka¨hler metrics, some additional assumptions are necessary , which
generally divide into two kinds of approaches: curvature assumptions on the complete
Ka¨hler metrics; boundary regularity assumptions on the domains under consideration.
In the same paper, Grauert showed that if Ω ⊂ M carries a complete Ka¨hler metric
and has a real-analytic boundary, then Ω is Stein (Satz C in [9]). Later the regularity
assumption was reduced from Cω to C1 by T. Ohsawa [16].
In this article, we mainly follow the second line and study complete Ka¨hler manifolds
from the viewpoint of function theory. To be more precise, we study complete Ka¨hler met-
rics by means of their potentials which are plurisubharmonic functions. In comparison with
holomorphic functions, which are is some sense rigid, plurisubharmonic functions admit
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flexibility for modifications so that it is convenient to construct new functions as we desire.
At the same time, many notions in the classical potential theory can be generalized to
several complex variables with subharmonic functions replaced by plurisubharmonic func-
tions, e.g., pluripolar set, negligible sets, thin sets, etc. They are the important objects of
study in the so-called pluripotential theory and play great roles in removable singularities
and extension problems of analytic objects, etc.
We will focus on these small sets. First it is not difficult to see the following proposi-
tions:
(A) Except the trivial case (the whole domain), analytic sets are closed and complete
pluripolar.
(B) Outside closed complete pluripolar sets one can construct complete Ka¨hler
metrics. In other words, closed complete pluripolar sets are contained in the comple-
ments of complete Ka¨hler domains.
Their relations can be shown in the following graph:
{analytic sets}
∩
{closed complete pluripolar sets} ⊂ {pluripolar sets}
∩ q
{complements of complete Ka¨hler domains} {negligible sets}
Now let us consider the converse of the inclusions in the left column.
On complex-analyticity of real submanifolds as complements of complete Ka¨hler do-
mains, Ohsawa [15] showed that for the two real codimensional case, merely C1 regularity
is sufficient. As a corollary, he also gave a partial answer to Nishino’s problem [14], which
can be seen as a partial converse to (A). It conjectured that if the graph of a continuous
function is pluripolar, then the function is holomorphic. This problem was finally solved
by N. Shcherbina [20].
However, K. Diederich and J. E. Fornaess [6] later considered the higher codimensional
case and showed that Cω-regularity is necessary. As counterexamples, they constructed a
closed C∞ submanifold A of any real codimension k ≥ 3 in a ball B, such that A is not
complex-analytic and B \ A admits a complete Ka¨hler metric. Later, we generalize their
examples on open manifolds to the compact case. More precisely, for any k ∈ N, k ≥ 3,
we construct a compact C∞ submanifold A of real codimension k in Pn, such that A is
not complex-analytic and Pn \ A admits a complete Ka¨hler metric [13].
In light of the results in the classical potential theory, similar problems were posed
for pluripotential theory, e.g., the equivalence between locally and globally pluripolar or
complete pluripolar sets. However, different techniques were developed.
In 1978, B. Josefson first showed the equivalence between local and global pluripolarity
in Stein manifolds [11]. Later E. Bedford and B. A. Taylor defined a new capacity with
the help of complex Monge-Ampe`re operators and gave an alternative proof [1, 2]. At
the same time, they got the equivalence between pluripolarity and negligibility (the right
column in the graph above). The similar problem for complete pluripolar sets was finally
solved by M. Colt¸oiu in 1990, i.e., in Stein manifolds, a locally complete pluripolar set is
also globally complete pluripolar [3, 4].
Inspired by the fact (B) and Colt¸oiu’s result, we consider the following problem:
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Main Question. Is it possible to patch up the potentials of complete Ka¨hler metrics to
obtain a global one?
In other words, if a set is locally the complement of complete Ka¨hler domains, is it
globally the complement of some complete Ka¨hler domain?
For a precise setting, we start with the potentials instead of complete Ka¨hler
metrics themselves. Otherwise, we need to extend the definition of the fundamental forms
induced by these metrics so that we can solve the ∂∂-equations to obtain the potentials.
The extension usually requires strong assumptions on the sets across which it is done.
The known result is that the sets should be complete pluripolar. However, as the fact (B)
mentioned above has shown, the existence of complete Ka¨hler metrics outside complete
pluripolar sets implies that the question has been solved in this case. So we choose a more
general assumption and prove the following:
Theorem 1.1. Assume M is a Stein manifold and A ⊂ M is a closed subset. If M \ A
locally admits complete Ka¨hler metrics in the following sense:
• {Ui}i∈N is a locally finite open covering of M ;
• on each Ui, there exists ϕi ∈ PSH(Ui)∩C∞(Ui \A) such that ∂∂ϕi gives a complete
Ka¨hler metric on Ui \A along A ∩ Ui,
then there exists a complete Ka¨hler metric on M \A induced by a globally defined plurisub-
harmonic function on M . Moreover, this potential can be chosen to be bounded from below
and smooth outside A. In particular, if every local potential is continuous, the global
potential is also continuous.
The idea of the proof is as follows: we divide the problem into two cases depending
on whether the potentials are bounded. If all potentials are bounded, we use cut-off func-
tions to extend their domains of definition to the whole of M . However, some negativities
may be brought in this process. In order to remove them, we need to compose the strictly
plurisubharmonic exhaustion function ofM with a suitably chosen increasing convex func-
tion. Then we can find a global potential. If on some open subset there exists a potential
unbounded from below, we modify it to be bounded and reduce this case to the first one.
Acknowledgements. The author would like to express his deepest thanks to the super-
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2 Proof
First we consider the case that every potential is bounded for below.
Proposition 2.1. Assume M is a Stein manifold and A ⊂M is a closed subset. If M \A
locally admits complete Ka¨hler metrics induced by bounded plurisubharmonic functions,
i.e.,
• {Ui}i∈N is a locally finite open covering of M ;
• on each Ui, there exists ϕi ∈ PSH(Ui)∩C∞(Ui \A) such that ϕi ≥ 0 and ∂∂ϕi gives
a complete Ka¨hler metric on Ui \A along A ∩ Ui,
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then there exists a complete Ka¨hler metric on M \A induced by a globally defined plurisub-
harmonic function on M . Moreover, this potential can be constructed to be bounded from
below. In particular, if every ϕi is continuous, a continuous global potential can be chosen
so that it is smooth outside A.
Proof. It is known that plurisubharmonic function is always locally bounded from above.
Since ϕi is bounded, a linear transformation t 7→ at+ b with a > 0 can be used to modify
each ϕi such that 1 ≤ ϕi ≤ 2 for all i. Note that such modifications keep the completeness
of the metrics.
Set ui := ϕ
2
i . It follows that
∂∂ui = 2(∂ϕi ∧ ∂ϕi + ϕi∂∂ϕi).
So we know that ui ∈ PSH(Ui) also induces a complete Ka¨hler metric on Ui \ A along
A ∩ Ui. Moreover, we have the following estimate:
∂∂ui ≥ 2∂ϕi ∧ ∂ϕi ≥ 1
8
∂ϕ2i ∧ ∂ϕ2i =
1
8
∂ui ∧ ∂ui.
Note that on A, ∂∂ui should be understood in the sense of current. Since ui is bounded,
we can choose a decreasing sequence of smooth plurisubharmonic functions vj which tends
to ui and define ∂∂ui = lim ∂∂vj. ∂∂ϕi is defined in the same way. Then ∂ϕi ∧ ∂ϕi and
∂ui ∧ ∂ui are also defined and the same estimates hold.
Take U ′i ⋐ Ui such that {U ′i} still forms an open covering of M . Choose ρi ∈ C∞(M)
such that ρi ≥ 0,Supp ρi ⊂ Ui, ρi ≡ 1 on U ′i . Then ρiui extends to a function defined on
M and is smooth outside A. If ρi 6= 0, consider ∂∂ρiui on Ui \ A:
∂∂ρiui = ui∂∂ρi + ∂ρi ∧ ∂ui + ∂ui ∧ ∂ρi + ρi∂∂ui.
Since
0 ≤ ( 4√
ρi
∂ρi +
√
ρi
4
∂ui) ∧ ( 4√
ρi
∂ρi +
√
ρi
4
∂ui)
=
16
ρi
∂ρi ∧ ∂ρi + ∂ρi ∧ ∂ui + ∂ui ∧ ∂ρi + ρi
16
∂ui ∧ ∂ui,
it follows that
∂ρi ∧ ∂ui + ∂ui ∧ ∂ρi ≥ −16
ρi
∂ρi ∧ ∂ρi − ρi
16
∂ui ∧ ∂ui
≥ −16
ρi
∂ρi ∧ ∂ρi − ρi
2
∂∂ui.
Therefore,
∂∂ρiui ≥ ui∂∂ρi − 16
ρi
∂ρi ∧ ∂ρi + ρi
2
∂∂ui.
Note that
16
ρi
∂ρi ∧ ∂ρi → 0 as ρi → 0.
SinceM is Stein, there exists a strictly plurisubharmonic exhaustion function ψ onM .
Let
ϕ := r(ψ(z)) +
∑
i
ρiui(z),
where r : R → R is an increasing convex function. Locally there are only finite terms in
the sum, so ϕ is well defined.
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It is known that for each c ∈ R, {ψ < c} ⋐ X. Therefore, a large enough coefficient Cc
can be chosen such that Cc∂∂ψ removes the negativity brought by
∑
i ui∂∂ρi− 16ρi ∂ρi∧∂ρi
in {ψ < c}. If r is chosen to increase rapidly enough at +∞, then ϕ is plurisubharmonic
on M such that Hϕ ≥ 12Hϕi on U ′i \A. Therefore, ϕ induces a complete Ka¨hler metric on
M \ A.
If every ϕi is continuous, ϕ constructed as above is also continuous. By setting µ a
small positive constant and γ = Hϕ, Richberg’s regularization can be applied to ϕ onM \A
to obtain a smooth strictly plurisubharmonic function ϕ˜. The estimate Hϕ˜ ≥ (1 − µ)Hϕ
implies that ϕ˜ induces a complete Ka¨hler metric on M \A.
For the case not every ϕi is bounded from below, we need the following lemma to
reduce it into the previous case.
Lemma 2.2. Under the same hypothesis as above, if on some open U ⊂M , ϕ ∈ PSH(U)∩
C∞(U \A) is unbounded and ∂∂ϕ gives a complete Ka¨hler metric on U \A along A ∩ U ,
then there exists another potential ϕ˜ ∈ PSH(U)∩C∞(U \A) such that ϕ˜ is bounded from
below and ∂∂ϕ˜ gives a complete Ka¨hler metric on U \ A along A.
To verify completeness, the following Hopf-Rinow theorem is useful as a criterion.
Theorem 2.3 (Hopf-Rinow). Assume (M,g) is a connected Riemannian manifold. The
following are equivalent:
(A) Any closed and bounded subset of M is compact.
(B) M is complete as a metric space.
(C) M is geodesically complete, i.e., for any p in M , the exponential map expp is defined
on the entire tangent space TpM .
Condition (A) above is topologically equivalent to that any non relatively compact
differential curve γ, i.e., γ cannot be contained in any compact subset ofM , has∞ length
with respect to g.
Proof. Consider
Φ1 := e
ϕ,Φ2 := h(ϕ)
where h(t) := 1log(−t)χ(t + 3) + Kα(t), χ(t) ∈ C∞(R, [0, 1]) with χ ≡ 1 on (−∞, 0] and
χ ≡ 0 on [1,∞), α(t) ∈ C∞(R, [0,∞)) with α ≡ 0 on (−∞,−4] and α′′(t) > 0 on (−4,∞),
K > 0 is chosen large enough such that h(t) is increasing and convex. It is clear that
Φ1,Φ2 are plurisubharmonic on U and nonnegative.
Choose any differential curve γ : [0, 1) → U \ A which is non relatively compact with
respect to M \ A. If ϕ ◦ γ([0, 1)) > C for some constant C, then the computation
∂∂Φ1 = e
ϕ(∂ϕ∂ϕ+ ∂∂ϕ) ≥ eC∂∂ϕ
implies that the length of γ with respect to ∂∂Φ1 ≥ eC/2· the length of γ with respect to
∂∂ϕ. Since ∂∂ϕ is a complete Ka¨hler on U \A along A, which means the latter is +∞, it
follows that the former is also +∞.
If ϕ◦γ([0, 1)) is unbounded from below, when ϕ◦γ(t) < −1, the following computation
∂∂(
1
log(−ϕ) )
=
2
log3(−ϕ)
1
ϕ2
∂ϕ ∧ ∂ϕ+ 1
log2(−ϕ)
1
ϕ2
∂ϕ ∧ ∂ϕ− 1
log2(−ϕ)
1
ϕ
∂∂ϕ
≥ 1
log2(−ϕ)
1
ϕ2
∂ϕ ∧ ∂ϕ
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implies that the length of γ with respect to ∂∂Φ2, denoted by l(γ), with some t0 ∈ (0, 1)
which is chosen such that ϕ ◦ γ(t0) < −3, has the estimate
l(γ) ≥
∫ 1
t0
√∑ 1
log2(−ϕ)
1
ϕ2
∂ϕ
∂zi
dzi
dt
∂ϕ
∂zj
dzj
dt
dt
=
∫ 1
t0
1
|ϕ log(−ϕ)| |
dϕ ◦ γ(t)
dt
|dt
≥ lim inf
t→1
∫ t
t0
1
−ϕ log(−ϕ)d− ϕ ◦ γ(t)
= +∞.
Therefore, ϕ˜ := Φ1 + Φ2 ≥ 0 serves as the potential of a complete Ka¨hler metric on
U \ A along A.
The main theorem follows immediately from Proposition 2.1 and Lemma 2.2.
3 Further questions
Complete pluripolar sets serve as important examples of complements of complete
Ka¨hler domains. We want to consider what kind of set satisfies this condition and give
more examples.
And at the same time, we plan to consider what kind of set contains complements of
complete Ka¨hler domains as a subclass and whether or not the similar local and global
equivalence holds there.
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